Precise understanding of the dynamics of trapped particles is crucial for nascent quantum technologies, including atomic clocks and quantum simulators. Here we present a framework to systematically include quantum effects arising from the mass-energy equivalence in harmonically trapped systems. We find that the mass-energy equivalence leads to squeezing, displacement and frequency changes of harmonic modes associated with different internal energies. The framework predicts new phenomena, notably, the existence of a lower bound to the fractional frequency shift in atomic clocks arising from the interplay between gravitational effects and so-called time dilation shifts. Analogous effects will arise in other trapping potentials, especially in periodic lattices, and may play a role in correlation dynamics and thermalisation process in many-body systems and cold gases.
Introduction.-Trapped atoms find applications in the most stable atomic clocks [1] , quantum information processing [2] [3] [4] , simulations of high-energy physics and cosmology [5] , in tests of fundamental physics [6, 7] including precision measurements of the Standard Model [8] [9] [10] , and novel experiments studying thermalisation processes in closedsystems [11, 12] . It is well understood, already in classical-physics, that relativistic mass-energy equivalence -specifically, that changing the internal energy of a system also changes its massis equivalent to introducing relativistic time dilation [13] [14] [15] [16] [17] [18] . Recently, new effects were found when taking into consideration that the internal energy contribution to the mass requires a quantum description. For free particles it was shown that quantised mass-energy and the associated gravitational and special relativistic time dilation lead to novel effects in interference of "quantum clocks" [19] [20] [21] and generic composite particles [22] [23] [24] , which have been further studied in doubleslit type experiments in a gravitational field [25, 26] . Limitations to the notion of an ideal clock arising from the associated phenomena have also been explored for free and trapped particles [27, 28] , and for interacting quantum clocks [29] . Furthermore, for atoms interacting with radiation, quantised mass-energy removes an alleged "friction" [30] due to spontaneous emission, resolving an apparent tension between the relativistic treatment of radiation and the non-relativistic treatment of atoms [31] . Indeed, the symmetry group of a system whose centre of mass (CM) is non-relativistic but which includes the mass-energy equivalence is not a Galilei group, but its non-trivial central extension [32] . For trapped particles, quantised mass-energy equivalence results in an energy spectrum that is not a simple sum of the internal and CM energies -since generically the CM energy in an external potential depends on the particle's mass. This was explored in a toy-model of a trapping potential -an infinite square-well [33] -and to propose a realisation of quantum clock interference with trapped electrons [21] . In the latter, the internal energy was associated with electronic spin -which is only analogous to the rest mass-energy at lowest relativistic order (as the latter is a relativistic scalar). A full quantised dynamics of trapped particles with dynamical massenergy has not been developed.
In this work we derive a framework for incorporating massenergy equivalence in generic harmonically trapped quantum particles and discuss the associated physical effects.We trace back the so-called "time dilation shifts" already measured in atomic clocks [34] [35] [36] -and associated therein to secular motion of the trapped particle -to the semi-classical limit of the mass-energy effects, which is consistent with the approximate treatment in [27, 37] . Crucially, our approach reveals further physical effects from quantised mass-energy, that to our knowledge have not been previously discussed. Harmonically trapped particles with quantised internal energy.-Physical states of an effectively point-like particle with quantised internal energy can be described in a tensor product Hilbert space H int ⊗ H cm , where H int and H cm refer to the internal and CM degrees of freedom (DOFs), respectively. A free Hamiltonian of the particle on a static symmetric space-time with metric g µν and signature (−, +, +, +) reads [23, [38] [39] [40] [41] ] −g 00 (c 2p jp j +M 2 c 4 ) wherep j , j = 1, 2, 3, is the canonical CM momentum andM c 2 = M 0 c 2Î + H int is the total mass-energy, which includes the rest mass M 0 as well the internal energy operatorĤ int . At low energies the relativistic Hamiltonian reduces to M c 2 + p 2 /2M + M φ(x), with φ(x) denoting the gravitational potential. The split of the relativistic mass-energy into mass and energy is apriori arbitrary; the choice above is such that the lowest eigenvalue ofĤ int is E 0 = 0 and so M 0 c 2 is the mass-energy associated with the internal ground state. For systems such as atoms, ions or moleculesĤ int describes the electronic or vibrational energy levels and in the operator norm satisfies
The first term describes the well-understood and directly measured special and general-relativistic time dilations of the internal dynamics [42, 43] -and directly demonstrates the above-mentioned relation between time dilation and massenergy equivalence. We now consider a low-energy quantum particle in a harmonic potential of stiffness k and a homogeneous gravitational field with acceleration g, described by the Hamiltonian
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Eq. (1) applies in a regime where the CM is effectively nonrelativistic but where the internal evolution is fast enough to be sensitive to time dilation. This is well suited for describing trapped atom or ion experiments. Since internal energy commutes with the CM operatorsx, and p, the eigenstates ofĤ are products of internal eigenstates
2 , i ∈ N and the CM eigenstates -which we derive below. Introducing orthonormal projectors on the internal energies,
For each internal energy we have a harmonic oscillator (HO) with mass M i , frequency
Usingn i =â † iâ i , the operatorsĥ i are diagonalised as usual
For each internal energy the CM eigenstates are Fock states √ n! |n i =â †n i |0 i where |0 i is the CM ground state associated with the i th internal energy. The eigenbasis ofĤ is thus of a product form {|E i |n i } i,ni∈N but is not a product of the two bases. In particular, the CM modes associated with an i th internal state and with the internal ground state are related by squeezing and displacement
where
We note that to lowest order in ∆M i the displacement reads
and the CM frequencies associated with the excited and the ground state relate as
The frequency change is a classical effect in the sense that the same relation holds for two classical harmonic oscillators with masses M 0 , M i . Physical effects from mass-energy equivalence in trapped particles.-Let us consider a pair of internal states where for each of them them the CM is in the n th Fock state, namely |E i |n i , and |E 0 |n 0 . Their total energy difference, obtained from Eq.
2 ) and to lowest order in 1/c 2 it reads
where we have used
Neglecting the gravitational effects and the mode difference (i.e.n i ≡n for all i) Eq. (7) entails a fractional frequency shift − ω0
). This is known in atomic clocks as time dilation shift: the CM energy ω 0 ( n + 1 2 ) is interpreted as twice the kinetic energy M 0 v 2 ; whereby the shift is given by v 2 /2c 2 and is interpreted as due to special-relativistic time dilation caused by the CM "motion" [34] [35] [36] . For atomic mass M 0 ∼ 10 −26 kg trap frequency ω 0 ∼ 1MHz and n ∼ 1 our approach gives a shift of magnitude 10 −19 , in full agreement with the measured values [44] . Unless otherwise stated all numerical estimations henceforth in this article are for the above values of M 0 and ω 0 . By cooling the CM motion the time dilation shift can only be suppressed to ω0 4M0c 2 which is of the order 10 −20 − 10 −19 . Indeed, uncertainty in this shift is a dominant contribution to the overall uncertainty of state-of-the-art clocks based on trapped ions [35, 44] . Importantly, Eq. (7) entails that the fractional frequency shift due to mass-energy equivalence has an absolute minimum
It is lowest at n = 0, ω min 0 (0) ∼ 4kHz, and takes the value δ min ∼ 10 −22 -just two orders of magnitude below the minimal time-dilation shift -hence it may be relevant for next generation clocks. We stress that Eq. (7) is the exact energy difference between two eigenstates of the Hamiltonian in Eq. (1), and describes a shift -rather than uncertainty [28] -in the transition frequency 1 . This shows that including the full description of the CM modes can allow us to find optimal states for mitigating uncertainties in transition frequencies in trapped atoms. We now proceed to discuss the quantum effects of the massenergy equivalence associated with Eq. (1) in the context of Ramsey spectroscopy. Since mass-energy equivalence induces an interaction between the internal and CM DOF via Eqs. (3) (4) (5) (6) , it can entangle CM and internal states and affect time evolution even for an initial product state. In particular, the time-evolved CM stateρ cm (t) is in general mixed and depends non-trivially on the initial internal statê
, whereÛ i (t) := e −iĥit/ and p k = E k |ρ int |E k is the internal energy distribution inρ int . To investigate the phenomenology associated with these effects in Ramsey spectroscopy, consider internal DOF of a trapped particle prepared in the ground state |E 0 while its CM in a generic, possibly mixed, state 2ρ 0 . A π/2-pulse takes the internal state into a superposition (|E 0 + |E 1 ) and after time t another π/2-pulse is applied. The probability to detect the particle in the internal ground state immediately after this sequence is
where the trace is over the CM, and "c.c" stands for the complex conjugate of the preceding term. For a pure initial stateρ 0 = |ψ 0 ψ 0 | the trace reads
U 0 (ω 1 , t) means thatn 1 inĥ 1 is already replaced byn 0 using Eq. (4), and r ≡ r 1 , α g,1 ≡ α g . The trace quantifies the extent to which the joint action of the displacement and squeezing commutes with time evolution. In Fig. 1 we plot numerical results for an initinal number state, with and without gravity 3 . The latter case is obtained by setting g = 0 (and Eq. (4) reduces to pure squeezing). Apart from a shift in the frequency of the internal transition the fringe visibility is modulated, with a full revival at t = π/ω 1 in the gravity-free case and t = 2π/ω 1 when gravity is included (with a partial revival at π/ω 1 ). For higher number states or larger ∆M/M 0 the minimum of the visibility deceases. For coherent states the results exhibit the same general features and have a simple analytical form given in Supplementary Material. Below we discuss general features of Eq. (9) in the approximation of small displacements and squeezing, which is justified for the previously stated parameters and an optical energy gap between the internal states ω c := E 1 / ∼ 10 15 Hz, where r ∼ 10 −10 and α g ∼ 10 −15 . Under this approximation
the mean · is taken with respect toρ 0 and V ≡ |Tr{Û 1ρ0Û †
The mass-energy effects thus induce a frequency shift given by the mean effective energy and visibility modulations given by the effective energy variance. The frequency shift reads
2 The subscript 0 refers to the fact that this CM state has been prepared with the internal DOF in the ground state. 3 Physically, neglecting gravity corresponds to looking at horizontal modes of trapped particles, so that the dynamics in the direction of gravitational acceleration factors out. (9) for an initial number state n0 = 10 and ∆M/M0 = 0.5 top: without gravity, bottom: with gravity. Thick blue line is the full interference PE 0 , the associated visibility is given be the dashed red line; the thin green line shows interference arising from a non-relativistic theory, where only a phase is acquired, P (E0) = where
The top line of Eq. (11) includes the semi-classical effects due to the mass change of the oscillator, specifically, the second term is the time dilation shift seen in atomic clocks (cf Eq. (7) and discussion below). The two terms in the bottom line are solely due to the CM mode change; using Eq. (4) we find that they are a sum of two terms A 0 + α g ω 1 A g , the gravity free
2 ) â 0 + α g . For any state diagonal in the Fock basis the visibility reads
where ∆[ω 0n0 − ω 1n1 ] is the squared variance of ω 0n0 − ω 1n1 . Neglecting the squeezing for clarity we obtain
2 (2 n 0 + 1). Specialising to a thermal state at temperature T ∼ 1mK we have ∆n 0 ≈ n 0 ≈ k B T / ω 0 ∼ 10 2 and the first, gravity independent, term reads ω c k B T 2M0c 2 ∼ 1mHz, while the gravity dependent term reads
Hz. We note that the corresponding time dilation shift is k B T /2M 0 c 2 ∼ 10 −18 , in agreement with experiments [35] . The modulation of the visibility arises due to quantum correlations developed between the CM and the internal states, and is therefore of lower order than the corresponding frequency shift. Furthermore, the gravity-dependent effect of the mass-energy equivalence is, at least for thermal states, several orders of magnitude smaller than the inertial effects. Below we show that the CM mode squeezing Eq. (4) can become amplified under periodic driving. Consider the particle initially in the eigenstate |E 0 , n 0 ; the internal state at t = 0 is excited to |E 1 and then periodically de-excited to |E 0 and excited back to |E 1 at time intervals t i = π/2ω i , i = 1, 0. Each iteration results in squeezing and displacement:Û 0 (t 0 )Û 1 (t 1 ) = −S(2r)D(β g (r)) where β g (r) := α g (cosh(r)(1 − i) − sinh(r) (1 + i) ). However, repeating the process again, to linear order in ∆M/M 0 , gives pure squeezing. Thus, for an even number N of the iterations, the effective transformation resulting from such a periodic process is squeezing given by S(2N r). To lowest order in 1/c 2 the effective squeezing parameter reads 2N r ≈ N E1 2M0c 2 , and for an optical energy gap is ∼ N 10 −10 . This means, for example, that the position variance of an initial state will increase by 1% after n ∼ 10 8 iterations, and a total time of ∼ 100s. We note that for the initial vacuum state, overlap with the final state P N = | ψ 0 | S(2N r) |ψ 0 | 2 exhibits a simple Gaussian decay with N , however, for a number state it can exhibit revivals [45, 46] . For a direct observation of this amplified squeezing one can use parameter estimation techniques from quantum metrology [47] [48] [49] and explore to which extent the optimal strategies for this task already derived in optics [50, 51] can be physical realised in the present context. Finally let us note that even for an initial product-state simply evolving under Eq. (1), the mass-energy effects can become significant. As an illustration consider CM initially in a coherent state |α w.r.t to modeâ 0 , such thatâ 0 |α = α |α . The Q-function of the time evolved state Q(β) = β|ρ cm (t) |β at short times is
For
)), where β ∈ R for simplicity. Neglecting the term g 2M 0 / ω 3 0 ∼ 10 −5 gives
) which means that the vacuum becomes squeezed, with the effective squeezing parameter r eff = (ω 0 t) 2 H int /2M 0 c 2 . For the trapped system comprising N 1 atoms of mass m 0 c 2 and approximating internal states as harmonic modes, in a high temperature limit H int ≈ 3N k B T . Taking T ∼ 100K and m 0 ∼ 10 −26 kg we have H int /2M 0 c 2 ∼ 10 −12 and r eff ∼ 1 on the time scale of 1s. Thus even for the most robust state, the vacuum, the mass-energy effects can become significant. Discussion.-Our results show that the relativistic massenergy equivalence induces new effects in trapped systemssqueezing and displacement -in addition to currently conisdered frequency shifts. These effects will be relevant for precision metrology and tests of fundamental physics and can be of high interest for quantum thermodynamics. We expect them to become more significant for interacting many body systems in periodic lattices such as in trapped-ion quantum simulators where the build-up of quantum correlations and precise control of the dynamics are of interest [52, 53] .
The time dilation shift already limits the precision of atomic clocks to [35, 44] 10 −19 . A more accurate description of the mass-energy effects will therefore be required to reach the desired precision of 10 −20 in next-generation clocks. Moreover, including the gravitational acceleration we found an absolute minimum to the fractional shift of internal frequency at the level of 10 −22 . To fully analyse the implications of these effects in atomic clocks additional atom-laser interactions will be incorporated as a next step. As an aside, we note that if the trap stiffness k was made internal energy dependent -so that the CM frequency, rather than the potential [7] , is the same for the relevant clock-states -the squeezing effect will still be present, with twice as large squeezing parameter.
For test of fundamental physics, the mass-energy induced interactions between CM and internal states are relevant to the proposed tests of quantum effects from time dilation on quantum interference [19, 21, 22, 54] and tests of the Einstein Equivalence Principle for quantum tests masses [39, 40, 55, 56] , where the dynamics associated with the internal states plays a key role [39, 57] .
In the context of thermodynamics at the quantum scale [58, 59] the mass-energy equivalence may play a role in thermalisation processes in trapped systems even at moderate conditions where relativistic effects would otherwise not be expected, cf Eq. (13) . More generally, the very question of thermalisation becomes non-trivial in the present context. A thermal state of a trapped system, for clarity setting g = 0, reads
−βĥ k ⊗Π k , where the sum is over the internal
It is not a product of thermal states as each internal state is correlated with a squeezed thermal state of the CM. It is therefore conceivable that the mass-energy effects may play a role in yet to be fully understood thermalisation precesses in isolated systems [11, 12] .
Finally, we note that higher order relativistic corrections to the CM, such as ∝ p 2 /M 3 0 c 2 can be incorporated into our model without a conceptual difficulty, allowing to extend the treatment to higher CM energies. The analytical expression for the first minimum can also be obtained, but due to its complicated form we state here only the result for small x 0 and S, where the minimum is reached for t min ≈ The above results for an arbitrary x 0 (as opposed to an exact value x 0 = −g/ω 2 0 ) give the interference for an initial coherent state rather than the vacuum. The general features of the interference pattern are analogous: the times t min , t rev are the same as for the vacuum but for larger |x 0 | the visibility has a faster drop, the revivals are shorter, and the values of the visibility at the minima and at the partial revivals are smaller, see Fig. 2 . Finally, note that neglecting gravity gives x 0 = 0 and the visibility has a complete revival at t = t rev .
Key steps in derviations
Here we give the key formulas to reproduce the results from the main text. We mostly make use of matrix elements or expectation values of number operatorn k which readŝ 
To obtain the explicit form of the phase shift, the formulas just after Eq. (11), we need n 1 − n 0 = sinh 2 (r) − Using that k p k E k ≡ Ĥ int gives the expression provided in the main text.
